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Quasi-symmetric designs with block intersection numbers x and y are 
investigated. Let r be the usual block graph of such a design. Let F be the number 
of triangles on any edge of r, the complement of r. It is shown that for fixed values 
of X, y  > 2 and F > 0 there are only linitely many such designs. This extends earlier 
results about quasi-symmetric designs with special properties. We show connections 
with strongly resolvable designs and also with designs considered by Holliday. The 
symbolic calculations were carried out using MACSYMA c 1986 Academic Press, Inc. 
1. INTRODUCTION 
Block designs D with usual parameters (u, b, I, k, A) having exactly two 
block intersection numbers x and y have been objects of recent interest (see 
the references). These designs are known as (proper) quasi-symmetric 
designs. If the definition is relaxed slightly so as to allow at most two inter- 
section sizes then the class of such designs includes the symmetric designs. 
An important conjecture of M. Hall, Jr., asserts that for fixed ,I 2 2 there 
are only finitely many symmetric designs in which any point pair occurs on 
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2 blocks. Another conjecture by N. M. Singhi states that for fixed A > 2 and 
x, y (0 <x< y) there are only finitely many quasi-symmetric designs 
(proper or improper) in which any point pair occurs on ;1 blocks and any 
two blocks intersect in x or y points. It was shown in [8] in the special 
case x = 0 that Hall’s and Singhi’s conjectures are equivalent. 
The major tool used in [S] as well as earlier papers [ 1, 5, lo] was the 
existence of a quadratic equation of the form Ail* + BL + C = 0 where A, B, 
C are integral polynomial functions of m = (k-x)/( v-x), y, and i;, the 
number triangles on any edge of F, the complement of the block graph r of 
D. This must hold if m, y, C, and 2 come from a quasi-symmetric design. 
We remind the reader that r is formed by taking the blocks of D as ver- 
tices and defining two vertices adjacent if the corresponding blocks inter- 
sect in y points. Papers [l, S] dealt with the rather special case 
(x, F) = (0,O). 
The situation where x > 0 and C = 0 was dealt with in [IO]. The results 
of [S] were for the case x= 0 and 220. For instance, it was shown in [8] 
that all parameters of quasi-symmetric designs with x = 0 are expressible in 
terms of m, y, and C. Moreover for a fixed value of k, there are only finitely 
many quasi-symmetric designs with block intersection numbers 0 and y 2 2. 
See [ 1, 5, 8,9] for other results with a similar flavor. 
In the present paper we extend our methods to cover general quasi-sym- 
metric designs. In this we were aided immensely by the use of MACSYMA 
package to handle the tedious symbolic calculations. A recent paper by 
Sloane [12] gives a very readable account of one application of MAC- 
SYMA and mentions similar packages. As he notes, its use is a true 
collaboration between man and machine. In this paper much work went 
into finding a proper set of variables, finding a successful line of proof, and 
transforming the output to the most convenient form. However, this would 
have been quite difficult without the aid of the computer. 
Section 2 contains some preliminaries about quasi-symmetric designs. 
Lemma 2.1 contains the well-known (and often used) result about proper- 
ties of I-. This also gives the useful fact that y-x divides k - x and r - 2. 
We therefore introduce the integer parameters m = (k - x)/( 4’ - X) and s = 
(r - A)/( y - x). Putting z = y - x, we then can express all the parameters of 
a quasi-symmetric design in terms of x, z, m, s, and 1. 
Lemma 2.2 asserts the existence of two quadratic equations (Eq. 1) and 
(Eq. 2) with coefficients involving m, x, z, and s. For convenience MAC- 
SYMA was used to carry out the calculations. 
In Section 3, we show (Theorem 3.1) that the parameter s satisfies a 
quadratic equation of the form As2 + Bs + C = 0, where A, B, C are integral 
functions of m, x, y, and C. The discriminant of this quadratic is then used 
to obtain Corollary 3.2: for fixed values of y 3 2, x and 2 2 0 there are only 
finitely many quasi-symmetric designs with block intersection numbers x, .Y 
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and having E triangles on any edge of i? Particular cases of this result were 
obtained earlier in [l, 5, 81. 
In Section 4 we exploit the fact that (Eq. 1 ), (Eq. 2), or (Eq. 3) may fac- 
tor under some additional conditions. Using earlier sections of this paper, 
we prove the non-existence result (Theorem 4.2) that no proper quasi-sym- 
metric design can have y = ,J and x a prime. Holliday [4] had proved this 
result in the special case when y = I and x = 2 or 3. 
We end this paper with two results (also suggested by MACSYMA) 
relating to quasi-symmetric designs with C = m - 2 or m - 1. It is possible 
that our quadratics (Eq. 1 ), (Eq. 2) or (Eq. 3) (though quite messy) may 
be useful in proving other “finiteness” type results as in [l, 5, 81. They 
might also be useful in investigating Singhi’s conjecture in general form. 
2. PRELIMINARIES 
From now on D denotes a quasi-symmetric design with standard 
parameters (0, b, r, k, A) and with block intersection numbers x and y 
(0 <x < y < k, y 3 2). The block graph r of D has as vertices the blocks of 
D and where two vertices of r are adjacent if the corresponding blocks 
intersect in y points. The following result is well known (see, e.g. [ 11 I). 
LEMMA 2.1. r is a strongly regular graph. If r is connected, then its 
usual parameter set (n, a, c, d) is given by 
n = b, a= 
k(r- 1)-x(b-1) 
Y--x 
c=a+8,+8,+8,Q2, d=a+Q,e,, 
where 8, = (r-2-k + x)/( y - x) and 0, = (x - k)/( y - x) are integers. 
In the above Lemma, n denotes the number of vertices of the graph r, a 
is its valency, c is the number of vertices adjacent to both of two adjacent 
vertices and d is the number of vertices adjacent to both of two non- 
adjacent vertices. It is also convenient to introduce F, the number of ver- 
tices non-adjacent to both of two non-adjacent vertices. Alternatively, T 
denotes the number of triangles on any edge of T, the complement of r. 
The relations above together with the standard relations vr = bk and 
n(v - 1) = r(k - 1) for any 2-design show that the five parameters x, y, r, k, 
2 determine the remaining ones v, b, a, d, c. Since 8, and e2 are integers, we 
introduce the integer parameters m = (k - x)/( y - x), s = (r - A)/( y - x) 
and z = y - x. Thus the live parameters x, z, A, m, s determine all the rest. 
280 
In summary, 
MEYEROWITZ,SANE, ANDSHRIKHANDE 
y=z+x, k=mz+r, r = sz + A., 
r(k- l)+ 1 (*) u=- ) 
2 
b=$ 
In case it simplifies a formula, y or k will be used. Before preceeding 
further, we note that the cases excluded so far are well understood. The 
assumption y > 2 rules out only the case x = 0, y = 1. This corresponds 
exactly to 2-designs with 2 = 1, which includes the projective and affme 
planes. A quasi-symmetric design with a disconnected block graph arises 
only from repeating the blocks of a symmetric design (see, e.g. [7]). In this 
case y = k and x = ;1, so that m = 1. In all other cases y -=z k and m > 1. 
LEMMA 2.2. In any quasi-symmetric design, 
(i) k(r- l)(y+x- l)+xy(l -b)=k(k- l)(n- 1). 
(ii) b=2a-d+F-2. 
ProojI For (ii), count in two ways, the totality of vertices of r different 
from two non-adjacent vertices. For (i), fix a block B, and count in two 
ways the number of triples (c1,8, B), where B is a block different from B, 
and a#b~BnB,. This gives ay(y- l)+(b-1 -a) x(x-l)= 
k(k - l)(A - 1). Now use Lemma 2.1 and simplify. 
We will see that in Lemma 2.2 (i) allows us to reduce from 5 indepen- 
dent variables to 4, up to the task of solving a quadratic equation. The use 
of (ii) allows us to replace one variable by C. 
The following result is crucial for us. 
LEMMA 2.3. The following two quadratic equations in A hold for any 
quasi-symmetric design. 
[m(m - 1) k] A* + [s(m’z( 1 - 2x) - z) + (1 - 2m)(x2 - x) 
-m(m- 1) k] 1+s2xy(k- l)=O (Eq. 1) 
[(m - 1) k] A* + [s(m’[z” + z] + m[x - 2z2] 
-(2x- l)z-x*+x)+k(F+2-m2-m)] A-s2zy(k- l)=O. 
(Eq. 2) 
Proof: For (Eq. l), subtract the RHS of (i) in Lemma 2.2 from the 
LHS, make the substitutions (*) and simplify. The numerator of the 
resulting rational function is the LHS of (Eq. l), once a factor of z2 (which 
cannot be zero) is removed. (Eq. 2) arises similarly from (ii) in Lemma 2.2. 
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3. FINITENESS RESULTS 
THEOREM 3.1. In any quasi-symmetric design, 
(i) II = (s’y(k-l))/(-m3+m2s(z+1) + m(Z+l-s(z+l-xx)) 
- s(x+ 1)) 
(ii) s satisfies 
As’+Bs+C=O, (Eq. 3) 
where 
A = m3y - m’(z’ + 2) + m( 1 - 2.x) z - (x2 - x), 
B = -m42y + m3( 2z2 + 22 - x) 
-m’((? + 2) z* -(4x+?-l)~-(2C+3)x) 
+m(2x2-2x-(2?+4)xz+z)-(2+2)(x2-x) 
C=m(m2-c-l)(m2y+m(x-z)-(2+2)x). 
(iii) (A, B, C) # (0, 0, 0). 
Furthermore, the discriminant A = B” - 4AC is of the form C!=, aim’, 
where the ai are polynomial functions in x, z, C and a, = -4z2(x + z). 
Proof Subtract m (Eq. 2) from (Eq. 1) to get a relation of the form 
ui + b = 0, where fl= s*yk(k - 1). Since fl can never be zero, neither can c1 
and ;I = --P/U yielding (i). Substitute this expression for J. in (Eq. l), sim- 
plify and take the numerator which must be zero. The numerator factors 
(completely) as s*y(k - l)(As* + Bs + C) for A, B, C as given here. Since 
s*y(k - 1) cannot be zero, we obtain (ii). To obtain (iii), we observe that 
we only have C=O if either 
(4 C=m*- 1, or 
(b) c=((m’-m)z+(m*+m-2)x)/x and x#O. 
In case (a), we have B= -(m-l) k(m2z-mz+mx-x+m2-m+l). 
Since m2z > mz, mx > x, and m2 > m, we must have B < 0. If case (b) 
occurs, then B = -m( m - 1) k( mz* - mz + mxz - mx + x2 - x + xz - x). 
Now, mz* 2 mz, mxz > mx, x22x, and xz>,x. Thus B<O unless 
x = z = 1 but then A # 0. So in any case (A, B, C) # (0, 0,O). 
The expression for A follows by direct checking. Then it is not hard to 
verify that a, is as stated. Computer calculations show that A is irreducible. 
We now apply the above theorem to get a generalization of the results in 
CL 5, 8, 101. 
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COROLLARY 3.2. For any fixed values of x, y and E with 0 < x < y, y 3 2 
and 22 0, there are only finitely many quasi-symmetric designs with block 
intersection numbers x, y and having C triangles on any edge of i=. 
ProojI If D is a quasi-symmetric design, then s satisfies the equation 
As* + Bs + C = 0 above and d is a square, so d 3 0. But for fixed values of 
x, y and C, A is clearly negative if m is sufficiently large. Thus for fixed x, y, 
and C there are only finitely many possible values of m. Since 
(A, B, C) # (0, 0, 0), As2 + Bs + C= 0 then gives at most two values of s. 
The remaining parameters are all determined by the above results. This 
completes the proof of our result. 
Remark 3.3. The above corollary is similar in spirit to Proposition 2.8 
c91. 
Remark 3.4. As mentioned earlier, Theorem 3.1 and Corollary 3.2 are 
generalizations of results in Cl, 5, 8, 9, lo]. The special case (x, C) = (0,O) 
was first considered in Cl] and also later in [S]. This was generalized in 
one direction in [8] to allow arbitrary C, but still keeping x=0. The 
situation allowing arbitrary x, while retaining C= 0 was investigated in 
[lo]. The possibility of proving results like Theorem 3.1 and Corollary 3.2 
was raised in 191, remark 2.10. 
The following result can be proved by methods similar to [S], using 
Theorem 3.1 and Corollary 3.2. 
COROLLARY 3.3. For any quasi-symmetric design D, with larger intersec- 
tion number y 3 2, 
(i) all the parameters can be expressed in terms of m, x, z = y - x 
and C. 
(ii) for fixed values of m, x, and y, there are only finitely many such 
designs. 
(iii) for a fixed value of k, there are only finitely many such designs. 
4. FURTHER APPLICATIONS 
Although the quadratic equations (Eq. l), (Eq. 2), and (Eq. 3) do not 
factor in general, they may do so under additional condition. For example, 
a symmetric design has y = ;1 and s = m - 1 (this is not a proper quasi-sym- 
metric design). Thus putting y = 11 in (Eq. 1) makes it factor and gives 
another possible value for s. We discuss this in Theorem 4.2. 
For a strongly resolvable design (defined below), E = m + 2 and s = m. 
Putting c = m + 2, (Eq. 2) again factors and this gives another possibility 
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for s. This is discussed in Theorem 4.4 and C = m + 1 in Theorem 4.6. Other 
families of quasi-symmetric designs should lead to solutions of (Eq. l), 
(Eq. 2), or (Eq. 3) and companion parameter sets which might or might 
not be integral and/or feasible. (Eq. 2) seems best to use if C is involved and 
(Eq. 1) otherwise. 
Holliday [4] proved the following non-existence result. 
THEOREM 4.1. There is no proper quasi-symmetric design with y = 1 and 
x = 2 or 3. 
We apply our methods to prove the following extension of the above 
result. 
THEOREM 4.2. In a proper quasi-symmetric design with y = I and x > 1, z 
is not relatively prime to x. Furthermore 1 <z <x so z can not he 1 and x 
can not be prime. 
Proof. Substitute y = A in (Eq. 1) and factor it as y(s - m + l)[x(k - 1) 
s-m(y-l)k]=O. Now s=m-1, implies that r=sz+A=(m-1) z+ 
7 + x = k, but this means the design is a symmetric design. So we must have 
5 = (m( y - 1) k)/(x(k - 1)) = (m(x + z - l)(mz + x))/(x(mz + x - 1)). 
Since s is an integer (2 l), we must have m(x+z- l)(mz+x)=O mod 
(mz+x-1). Hence (m-1)(x-1)50 mod (mz+x-1). Since x#l, 
((m-1)(x- l))/(mz+x- 1) is an integer >l. This gives z<x- 1. Now 
suppose z is relatively prime to x, then using s(k - 1) = (m(mz + x) 
(x + z - l))/x we obtain m*z(z - 1) = 0 (mod x). Since (x, z) = 1 this means 
m*(z- 1) ~0 (mod x). Hence either z= 1 or m =nx (say). Now if z= 1, 
then s = (m(y - l)k)/(x(k - 1)) = (mx(m + x))/(x(m + x - 1)) = 
(m(m + x))/(m +x - 1). So m -s = -m/(m +x - 1) is not an integer, a 
contradiction. 
Next suppose m = nx. Then s = (nx(x + z - l)(nxz + x))/ 
(x(nxz+x- 1)) = (n(x+z- l)(nxz+x)/((nxz+x- 1)). But since this is 
an integer, so is (n(x + z - 1 ))/(nxz + x - 1). Now z > 1, hence nxz > 
n(x + z) and x - I > -n. Hence nxz + x - 1 > n(x + z - 1 ), a contradiction. 
Thus a quasi-symmetric design cannot have y = A and x a prime. 
The same results also allow the effective determination of all feasible 
parameter sets with y = 1 and x 3 2 any fixed value. Let x = ez +f + 1 with 
O<f<z- 1 then ((e+ 1)(x- l)-mf)/(mz+x- 1) must be a nonnegative 
integer. Up to x = 400, at least, it must be zero. It is possible to determine 
all feasible sets with y = 1 and this expression being zero. 
The following theorem will appear in [6]. 
THEOREM 4.3. The only feasible parameter sets for a quasi-symmetric 
design with y = 1, x 2 2 and m = ((e + 1 )(x - 1 ))/” are: 
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e f Z x m s 
1 1 
4 2 
14 70 
P P 
44 8q+2 
6 8 
3 15 
71 1065 
P+l (P+ 1Y 
8q+3 (4q+ l)@q+3) 
I 
35 
228 
(P+ l)(p+2) 
(8q + 1 N2q + 1) 
23 
40 
243 
(PflNPf3) 
2(8q’ + 7q + 1) 
where p and q can be any positive integers. 
All but the first set have r = k + 1 and hence could be the parameters of 
residuals of symmetric designs. The smallest case, p = 1, gives (v, 6, r, k, 2, 
x, y) = (56, 77, 22, 16, 6, 4, 6). Th’ d is esign exists and is the residual with 
respect to a certain block of a (v, k, 1) = (78,22, 6) symmetric design 
recently constructed by V. Tonchev. Details will appear in [6]. 
Next we recall the following well-known facts (see [3] for details). For 
any design D a resolution of D is a partition of its blocks into classes 
B,, /I*,..., /II such that any point of D occurs a constant number CI (say) of 
times in each class. A resolution is called strong if any two blocks from the 
same class intersect in a constant number q1 of points and any two blocks 
from different classes intersect in a constant number q2 of points. A design 
is called strongly resolvable if it has a strong resolution. Clearly if a design 
is strongly resolvable, then it is either symmetric or quasi-symmetric. 
The following result is due to Beker and Haemers [2]. 
THEOREM 4.4. For a 2-design D(v, b, r, k, 1) the following are equivalent: 
(i) D is quasi-symmetric with an intersection number k - r + A. 
(ii) D is strongly resolvable. 
(iii) D is quasi-symmetric and its block graph is a complete I-partite 
graph. 
(iv) D is quasi-symmetric and a = d for its block graph l(b, a, c, d). 
Note that in (i) it must be x = k - r + 1 which is equivalent to s = m. We 
now investigate the special case C = m - 2. 
THEOREM 4.5. In a quasi-symmetric design D, tf C = m - 2, then either 
(i) D is strongly resolvable or, 
(ii) s = (m(m’ -m + 1 )(mz - 2 + mx))/( -m2z2 - 2mxz + m3z - 
m2z+mz-x2+m3x+x) 
Proof: When c = m - 2 is substituted into (Eq. 2), which is a quadratic 
in s, it factors yielding s = m or s is as in part (ii) of our theorem. If s = 
(r - A)/( y - x) = m, then x = k - r + 1. Now use Theorem 4.3 to obtain (i). 
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Remark 4.6. It is questionable if the expression for s in (ii) above can 
ever be an integer. Computer results show for mz + x = k < 80 it is not. 
THEOREM 4.7. In a quasi-symmetric design D, if C = m - 1, then 
.S= 
m*(m - l)(mz + mx + x) 
m3y - m2(z2 + z) - mz(2x + 1) - xz + x’ 
Proof. Putting C = m - 1 into (Eq. 2), it again factors, this time yielding 
s = m - 1 or the conclusion of the theorem. If s = m - 1, then k-r + 2 = 
(mz + x) - [(m - 1) z + I*]+ ,? = I’. This however is impossible, since 
k - r + 1 is the minimal intersection number in any 2-design (see, e.g. [2]). 
Remark 4.7. Computer results show that the expression for s in 
Theorem 4.6 is not an integer, at least for k = mz + x < 80. 
We postpone further investigation of quasi-symmetric designs with 1” = y 
and also the results of some computer searches for feasible parameter sets 
of such designs to a future communication. 
APPENDIX 
Comments on Printout 
(ClC9) give Y, K, R, V, B, A, and D in terms of X, Z, M, S and 1= L. 
Each input Ci has a corresponding result Di. At the end of an input, “? 
means print Di but ?S” means do not. D7 shows how “B” is stored in 
memory while D6 is the simplified form. In either case we could write “D5” 
in place of B. 
(ClO) Lemma 2.2 (ii) says this shouuld be 0. 
(Cll)-(C12) To get the LHS of (Eq. 1) in Lemma 2.3 simplify DlO, take 
the numerator and drop a nonzero factor. 
(Cl 3) Pick an order for variables in output. 
(C14) Resimplify D12 as a polynomial in L. 
(C15)-(C19) Verify that the coefficients of L2, L, Lo are as claimed. Note 
that the -M(M- 1) k in Cl7 should be +M(M- 1) k, this is clear from 
D19 = -2(M- 1) Mk. 
(C2Ok(C26) Get (Eq. 2) and check in the same way. Note that (Eq. 2) 
here is the negative of that in the paper. 
Theorem 3.1. (C27) This should be linear in 2, say crJ. + b. Note: this 
should not be called (Eq. 3). 
(C28) Solve for 1. 
(C29) Check that fl is as stated. 
(C30)-(C32) are in error and never used. 
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Theorem 3.1(n). (C33) put D28 into (Eq. l), simplify and take the 
numerator. This should be zero. 
(C34) the correct (Eq. 3) is the only factor of (C33) which need not be 
non-zero. 
(C35)-(C37) get A, B and C. 
(C38)-(C45) If C= 0, B # 0 except in D45 in case X= Z= 1 in which 
case A=2M3-2M2-M#O. 
Theorem 3.1. (D46) Compute the discriminant A. This is expressed as a 
polynomial in A4 although the terms are not in canonical order. 
(C47)-(C48) Theorem 4.2. 
(C44)-( C50) Theorem 4.4. 
(C5 1 )-( 52) Theorem 4.6. 
(Cl) 
((3) 
(C3) 
(C4) 
(C5) 
(C6) 
06) 
(C7) 
(D7) 
(‘3) 
(C9) 
(ClO) 
Wll) 
Y:Z+X$ 
K:M*Z+X% 
R:S*Z+LS 
V:R*(K- 1)/L+ 1.S 
B:V*R/K$ 
RATSIMP( 
MS’Z’ + (S’X - S2 + ZLMS) Z2 + (ZLSX - LS + L2M) Z + L’X 
LMZ + LX 
B; 
(sz+L) 
(MZ+X-l)(SZ+L)+l 
L 
MZ+X 
A:(K*(R-1)+X*(1-B))/(Y-X)$ 
D:A+(R-L-K+X)*(X-K)/(Y-X)2$ 
K*(R-l)*(Y+X-l)+X*Y*(l-B)-K*(K-l)*(L-1)S 
FACTOR(NUM(RATSIMP(D10))); 
(Dll) - Z2(MSZXZ2 - LM2SZ2 + MS2X2Z + S2X2Z - S’XZ - 2LM’SXZ 
+ LM2SZ + L2M’Z - LM’Z - L2M2Z + LM2Z + S’X’- S2X3- S2X2 - 2LMSX’ 
+ LSX2 + 2LMSX - LSX + L2M2X - LM2X - L2MX + LMX) 
(C12) EQl:RATSIMP(-Dll/(Z*Z)); 
(D12) (MS’X-LM2S)ZZ+((M+1)S2X2+(-S2-2LM2S)X+LM2S 
+(L2-L)M3+(L-L2)MZ)Z+SZX3+((L-2LM)S-S2)X2 
+((2LM-L)S+(L’-L)M2+(L-L’)M)X 
(C13) RATVARS(M,S,L)S 
(C14) RATSIMP(D12); 
(D14) SZ(M(XZ2+X2Z)+(X2-X)Z+X3-X2) 
+L(S(M2((1 -2X)Z-Z2)+X2+M(2X-2X2)-X)+M2(Z-XX)-M3Z 
- MX) + L2(M3Z + M2(X - Z)- MX) 
(C15) FACTOR(COEFF(D14.L,2)); 
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tDl5) (M-l)M(MZ+X) 
(C16) FACTOR(COEFF(D14,L,O)); 
CD161 S*X(Z + X)(MZ +X - I) 
(C17) COEFF(D14,L,l)--S*(M2*Z*(l-2*X-Z)+(1-2*M)*(X*X-X))-M*(M-l)*K$ 
(C18) RATSIMP(D17); 
(D18) M2(2Z-2X)-2M3Z+2MX 
(C19) FACTOR(%); 
(D19) -2(M-l)M(MZ+X) 
(C20) B-2*A-D+T-2$ 
(C21) EQ2:NUM(RATSIMP(D20)); 
(D21) -S*(M(-Z3-3XZ2)+(1-X)Z2+(3X-3X*)Z) 
-L(S(M2(3Z’-Z)+M(-2Z:-X)+(1-2X)Z-3X2+3X) 
+M((2-T)Z-3X)+M3Z+M2(X-32)+(2-T)X) 
- L2(3M2Z + M(3X - Z) - X) 
(C22) EQ2:NUM(RATSIMP(B-2*A+D-T-2)); 
(D22) -S2(M(-Z3-XZ*)+(l-X)Z*+(X-X*)Z) 
-L(S(M*(Z’+Z)+M(X-2Z’)+(l-2X)Z-X*+X)+M((T+2)Z-XX) 
-M3Z+M2(-Z-X)+(T+2)X)-L2(M2Z+M(x-z)-x) 
(C23) FACTOR(COEFF(D22,L,O)); 
(~23) S*Z(Z + X)(MZ + X - 1) 
(C24) FACTOR(COEFF(D22,L,2)); 
(~24) -(M-l)(MZ+X) 
(C25) SUBST(S =O,COEFF(D22,L,l)); 
(D25) -M((T+2)Z-X)+MjZ-M2(-Z-XX)-(T+2)X 
(C26) FACTOR(%); 
W6) (-T+M’+M-2)(MZ+X) 
(C27) EQ3:RATSIMP(EQl +M*EQ2); 
(D27) S*(MZ(Z3+XZZ)+M((2X-~)ZZ+(2~2-X)~)+(~*-~)Z+~~ 
-X2)+L(S(M2(Z2+(1-2X)Z-X)+M3(-Z2-z) 
+M((2X-l)Z-X2+X)+X2-X)+M2(-T-l)Z+M“Z+M(-T-1)X 
+ M3X) 
(C28) SOLVE(D27,L); 
(D28) 
MS2Z2 + ((M + 1) S2X -S*) Z + S2X2 - S*X 
L=(M2-M)SZ+(M-1)SX+MT+(M2-M+1)S-M3+M 
I 
(C29) FACTOR(SUBST(L = O,D27)); 
(~29) S’(Z+X)(MZ+X-l)(MZ+X) 
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(C30) EQ3:NUM(RATSIMP(SUBST(D28,EQl))); 
(C31) KILL(D30)S 
(C32) FACTOR(D30); 
(~32) D30 
(C33) FACTOR(NUM(RATSIMP(SUBST(D28,EQl)))); 
(D33) MS2(Z + X)(MZ +X - l)( -M2STZ2 - M2S2Z2 + 2M3SZ2 
- 2M2SZZ - 2MSTXZ - 2MS2XZ + 4M2SXZ - 4MSXZ 
+ M’STZ - M’TZ + M’TZ + M’S’Z - M2S2Z + MS’Z - 2M4SZ 
+ 2M3SZ - M*SZ + MSZ + M5Z - M4Z - M3Z + M*Z - STX2 - S2X2 
+ 2MSX2 - 2SX’ + MT*X + 2M*STX + STX - 2M’TX - M*TX 
+ 3MTX + M3SZX + S*X - 2M“SX - M3SX + 3M*SX - 2MSX 
+2SX+M5X+M4X-3M3X-M2X+2MX) 
(C34) EQ3:RATSIMP(PART(D33,5)); 
(D34) S(M*((-T-2)Z2+(4X+T-l)Z+(2T+3)X) 
+M3(2Z2+2Z-X)+M(((-2T-4)X+1)Z+2X2-2X) 
+M4(-2Z-2X)+(-T-2)X2+(T+2)X) 
+S’(M*(-Z2-Z)+M’(Z+X)+M(l-2X)Z-X2+X) 
+M*((T+l)Z+(-T-l)X)+M’((-T-l)Z+(-2T-3)X) 
+M5(Z+X)+M4(X-Z)+M(T2+3T+2)X 
(C35) AA:COEFF(D34,&2)$ 
(C36) BB:COEFF(D34,S,l)$ 
(C37) CC:COEFF(D34,S,O)S 
(C38) FACTOR( 
(D38) M(-T+M2-l)(M*Z-MZ-TX+M*X+MX-2X) 
(C39) SUBST(T = M2- l,BB)$ 
(C40) FACTOR(D39); 
(D40) -(M-l)(MZ+X)(M*Z-MZ+MX-X+M*-MM+) 
(C41) SOLVE(PART( -D40,3),T); 
(D41) I 1 
(C42) SOLVE(PART( -D38,3),T); 
(C43) SOLVE(PART(D38,3), T); 
(D43) 
T=(MZ-M)Z+(MZ+M-2)X 
X 1 
(C44) SUBST(D43,BB)S 
(C45) FACTOR(D44); 
(D45) 
(M-l)M(MZ+X)(MZ’+MXZ+XZ-MZ+X*-MX-XX) 
X 
(C46) RATSIMP(BB2 - 4*AA*CC); 
(D46) M4((T*+4T+4)Z4+((-16T-32)X-2T2+2T+12)Z3 
+(24X2+(-4T*-26T-56)X+TZ+6T+13)Z2 
(C47) 
(D47) 
(C48) 
(D48) 
(C49) 
(D49) 
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+((8T+20)X2+(-lOT-20)X)Z+(4T+8)X3+(-4T-7)X2) 
+M’((-4T-8)Z4+(16X-4T-16)Z3+((10T+28)X-4T-12)Z’ 
+((8T+12)X2+(-2T-2)X)Z-4X3+2X2) 
+ M6(4Z4 + (4-T + 12) Z3 + (4TX + 4) Z2 + (4X - 8X2) Z + X2) 
+M3(((4T2+16T+16)X-2T-4)Z3 
+((-24T-48)X2+(24T+48)X-ZT-6)Z2 
+(16X3+(-8T2-40T-64)X2+(4T2+24T+34)X)Z 
+(2T+4)X3+(-2T-4)X2)+M7(-4Z3-4XZ2) 
+M2(((6T2+24T+24)X2+(-2T2-12T-16)X+l)Z2 
+((-16T-32)X3+(6T2+42T+60)XZ+(-2T2-14T-20)X)Z 
+4X4 + ( -4T2 - 18T - 24) X3 + (4T2 + 18T + 20) X2) 
+M(((4T2+16T+16)X3+(-4T2-18T-20)Xz+(2T+4)X)Z 
+(-4T-8)X4+(4TZ+20T+24)X3+(-4T2-16T-16)X2) 
+(T2+4T+4)X4+(-2T2-8T-8)X’+(T2+4T+4)X2 
FACTOR(SUBST(L = Y,EQl)); 
(S-M+ l)(Z+X)( -M’Z’+MSXZ-M2XZ 
-MXZ+M2Z+SX2-MX2-SX+MX) 
FACTOR(SOLVE(PART(D47,3),S)); 
[ 
+M(Z+X-l)(MZ+X) 
X(MZ+X- I) 1 
FACTOR(SUBST(T= M - 2,EQ3)); 
(S - M)( -M2SZ2 - ZMSXZ + M3SZ - M’SZ + MSZ - M4Z + 2M3Z 
-2M’Z+MZ-SX2+M3SX+SX-M“X+M’X-MLX) 
FACTOR(SOLVE(D49,S)); 
C 
s= 
M(M’-M+I)(MZ-Z+MX) 
-M2Z2-2MXZ+M3Z-M’Z+MZ-X*+M3X+X1 
S=M 1 
SOLVE(SUBST(T=M- l,EQ3),S)$ 
FACTOR(%); 
s= 
(M-l)M’(MZ+MX+X) 
-M2Z2-2MXZ+M’Z-M3Z-M2Z+MZ-X2+M3X+X’ 
S=M-1 1 
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